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Abstract 

The electroweak equivalence theorem quantitatively connects the physical amplitudes 
of longitudinal massive gauge bosons to those of the corresponding unphysical would- 
be Goldstone bosons. Its precise form depends on both the gauge fixing condition 
and the renormalization scheme. Our previous modification-free schemes have ap- 
plied to a broad class of i?g-gauges including 't Hooft-Feynman gauge but excluding 
Landau gauge. In this paper we construct a new renormalization scheme in which 
the radiative modification factor, C^ od , is equal to unity for all i?£-gauges, including 
both 't Hooft-Feynman and Landau gauges. This scheme makes C^od equal to unity 
by specifying a convenient subtraction condition for the would-be Goldstone boson 
wavefunction renormalization constant Z^a. We build the new scheme for both the 
standard model and the effective Lagrangian formulated electroweak theories (with 
either linearly or non-linearly realized symmetry breaking sector). Based upon these, 
a new prescription, called " divided equivalence theorem ", is further proposed for 
extending the high energy region applicable to the equivalence theorem. 
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1. Introduction 



The electroweak equivalence theorem (ET) ||T|- [JTO]] quantitatively connects the high 
energy scattering amplitudes of longitudinally polarized weak gauge bosons (Vf; = W L , Z£) 
to the corresponding amplitudes of would-be Goldstone bosons (0 a = ± ,0°). The ET 
has been widely used and has proven to be a powerful tool in studying the electroweak 
symmetry breaking (EWSB) mechanism, which remains a mystery and awaits experimental 
exploration at the CERN Large Hadron Collider (LHC) and the future linear colliders. 

After some initial proposals [0], Chanowitz and Gaillard || gave the first general for- 
mulation of the ET for an arbitrary number of external longitudinal vector bosons and 
pointed out the non-trivial cancellation of terms growing like powers of the large energy 
which arise from external longitudinal polarization vectors. The existence of radiative 
modification factors to the ET was revealed by Yao and Yuan and further discussed by 
Bagger and Schmidt ||. In recent systematic investigations, the precise formulation for 
the ET has been given for both the standard model (SM) ||,|5],|7j and chiral Lagrangian for- 
mulated electroweak theories (CLEWT) 0, in which convenient renormalization schemes 
for exactly simplifying these modification factors have been proposed for a class of R%- 
gauges. A further general study of both multiplicative and additive modification factors 
[cf. eq. (1.1)] has been performed in Ref. ||[| for both the SM and CLEWT, by analyzing 
the longitudinal-transverse ambiguity and the physical content of the ET as a criterion for 
probing the EWSB sector. According to these studies, the ET can be precisely formulated 
as §- [| 

T[Vl\ ■ • • , Vt\ $ a ] = C- T[i<p a \ • ■ • , $ Q ] + B , (1.1) 
C =C 1 od---^od=l + 0(loop) , 

B = £r=i( C + d ■ • • C^ l od T[v ai , ■ ■ ■ , v a ', i<f) a <+\ ■ ■ ■ , i<f) a "; $J + permutations of v's and 0's ) 
= O(MwfEj)— suppressed 

v a _ v „ya ? ^ _ £ M _ k ^/ M y = 0(M v /E) , (M v = M W , M Z ) , 

(1.1a, b, c) 

with the conditions 

Ej-k^Mw, ( j = l,2,---,n ) , (1.2a) 
1 



C-T[i0 a \---,20 a ";$ Q ] > B , (1.26) 

where a 's are the Goldstone boson fields and $ a denotes other possible physical in/out 
states. C^ od = 1 + O(loop) is a renormalization-scheme and gauge dependent constant 
called the modification factor, and Ej is the energy of the j-th external line. For Ej ^> 
M w , the 5-term is only 0(M w /Ej) -suppressed relative to the leading term ||, 



B = O [ j T[i^ , ■ • • , ^ ; * a ] + O (^J T^ 1 , , • • ■ , ; $ J . (1.3) 



Therefore it can be either larger or smaller than 0(Mw/Ej), depending on the magnitudes 
of the a -amplitudes on the RHS of (1.3) |§|9|]. For example, in the CLEWT, it was found 
that B = 0(g 2 ) [H-CT, which is a constant depending only on the SM gauge coupling 
constant and does not vanish with increasing energy. Thus, the condition (1.2a) is necessary 
but not sufficient for ignoring the whole 5-term. For sufficiency, the condition (1.2b) must 
also be imposed [[J. In section 3.3, we shall discuss minimizing the approximation from 
ignoring the B-term when going beyond lowest order calculations. 

In the present work, we shall primarily study the simplification of the radiative mod- 
ification factors, C^ od , to unity. As shown in (1.1), the modification factors differ from 
unity at loop levels for all external would-be Goldstone bosons, and are not suppressed 
by the Mw/Ej-f actor. Furthermore, these modification factors may depend on both the 
gauge and scalar coupling constants . Although C^ od — 1 = O(loop) , this does not 
mean that C^ od -factors cannot appear at the leading order of a perturbative expansion. 
An example is the l/A/"-expansion IT1J in which the leading order contributions include an 
infinite number of Goldstone boson loops so that the C^ od 's will survive the large- M limit 
if the renormalization scheme is not properly chosen. In general, the appearance of C^od 's 
at loop levels alters the high energy equivalence between Vj, and Goldstone boson ampli- 
tudes and potentially invalidates the naive intuition gained from tree level calculations. 
For practical applications of the ET at loop levels, the modification factors complicate the 
calculations and reduce the utility of the equivalence theorem. Thus, the simplification of 
C^ od to unity is very useful. 

The factor C^ od has been derived in the general i?£-gauges for both the SM [|],[5| and 
CLEWT [[J , and been simplified to unity in a renormalization scheme, called Scheme-II in 
those references, for a broad class of -R^-gauges. Scheme-II is particularly convenient for 
't Hooft-Feynman gauge, but cannot be applied to Landau gauge. In the present work, we 
make a natural generalization of our formalism and construct a new scheme, which we call 
Scheme-IV , for all i?^-gauges including both 't Hooft-Feynman and Landau gauges. In 
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the Landau gauge, the exact simplification of C mod is straightforward for the U(l) Higgs 
theory |||7]]; but, for the realistic non-Abelian theories (such as the SM and CLEWT) 
the situation is much more complicated. Earlier Landau gauge formulations of the non- 
Abelian case relied on explicit calculation of new loop level quantities, A", involving the 
Faddeev- Popov ghosts P,|l2f . 

This new Scheme-IV proves particularly convenient for Landau gauge. This is very 
useful since Landau gauge has been widely used in the literature and proves particularly 
convenient for studying dynamical EWSB. For instance, in the CLEWT, the complicated 
non-linear Goldstone boson-ghost interaction vertices from the Faddeev-Popov term (and 
the corresponding higher dimensional counter terms) vanish in Landau gauge, while the 



Goldstone boson and ghost fields remain exactly massless [13 



In the following analysis, we shall adopt the notation of references [§],[5[ unless otherwise 
specified. This paper is organized as follows: In section 2 we derive the necessary Ward- 
Takahashi (WT) identities and construct our new renormalization scheme. In section 3, we 
derive the precise formulation of Scheme-IV such that the ET is free from radiative mod- 
ifications (i.e., C mod = 1) in all i?^-gauges including both Landau and 't Hooft-Feynman 
gauges. This is done for a variety of models including the SU(2) l Higgs theory, the full SM, 
and both the linearly and non-linearly realized CLEWT. We further propose a convenient 
new prescription, called the " Divided Equivalence Theorem " (DET), for minimizing the 
error caused by ignoring the B-term. Finally, we discuss the relation of Scheme-IV to our 
previous schemes. In section 4, we perform explicit one-loop calculations to demonstrate 
our results. Conclusions are given in section 5. 



2. The Radiative Modification Factor C mod and Renormalization Scheme-IV 

In the first part of this section, we shall define our model and briefly explain how 
the radiative modification factor to the ET (C mod ) originates from the quantization and 
renormalization procedures. Then, we analyze the properties of the C mod in different gauges 
and at different loop levels. This will provide the necessary preliminaries for our main 
analyses and make this paper self-contained. In the second part of this section, using WT 
identities, we construct the new renormalization Scheme-IV for the exact simplification 
of the C mod -factor in all i?^-gauges including both 't Hooft-Feynman and Landau gauges. 
Our prescription for obtaining C mod = 1 does not require any explicit calculations beyond 



3 



those needed for the usual on-shell renormalization program. 



2.1. The Radiative Modification Factor C^ od 



For simplicity, we shall first derive our results in the SU(2)l Higgs theory by taking 
g' — in the electroweak SU(2)l <S> U{1)y standard model (SM). The generalizations to 
the full SM and to the effective Lagrangian formulations are straightforward (though there 
are some further complications) and will be given in later sections. The field content for 
the SU{2) L Higgs theory consists of the physical fields, H, W®, and /(/) representing the 
Higgs, the weak gauge bosons and the fermions, respectively, and the unphysical fields 4> a , 
c a , and c a , representing the would-be Goldstone bosons, the Faddeev- Popov ghosts, and 
the anti-ghosts respectively. We quantize the theory using the following general .Rg-gauge 
fixing condition 

gf = - t;( f o) 2 > 



C 



(«)-'^W-(«)'«8^8 



(2.1) 



K^((£ T^,-(a)^) , m = (w^,d> a oY , 

where the subscript "o" denotes bare quantities. For the case of the SU(2)l theory, we can 
take £q = £o , K o = K o , for a = 1,2,3. The quantized bare Lagrangian for the SU{2)l 
model is 



SU(2) l 



o^ol 



U n (\$ 



^) 2 + (&)*W + C (crmion (2.2) 



where s is the Becchi-Rouet-Stora-Tyutin (BRST) transformation operator. Since 
our analysis and formulation of the ET do not rely on any details of the Higgs potential 
or the fermionic part, we do not list their explicit forms here. 

The Ward-Takahashi (WT) and Slavnov- Taylor (ST) identities of a non-Abelian gauge 
theory are most conveniently derived from the BRST symmetry of the quantized action. 
The transformations of the bare fields are 



U C 



m = Diet = M wo c a + 



d"ct + g e abc 

go 



VV C Q 



H c a 



, 90_ abc 

+ 2 



sHo = — - 



go 

2 



SCn 



_go_ abc 

2 



c b c c 



(2.3) 



sF* = t *-d lt sWS»-ZSK -s( l 



'0 > 



<o 2 F a , 
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where expressions such as 
from Wq'{x) and Cq(x). 



W^ b r c 
vv c 



(x) indicate the local composite operator fields formed 



The appearance of the modification factor C mod to the ET is due to the amputation and 
the renormalization of external massive gauge bosons and their corresponding Goldstone 
boson fields. For the amputation, we need a general ST identity for the propagators of 
the gauge boson, Goldstone boson and their mixing ||- ||. By introducing the external 
source term / dx 4 [JiX % Q + I a CQ + cg/ a ] (where xb denotes any possible fields except the 
(anti-)ghost fields) to the generating functional, we get the following generating equation 
for connected Green functions: 



= Ji( x ) < 0\Ts X t(x)\0 > -I a (x) < 0\Tsc%(x)\0 > + < 0\Tsc%(x)\0 > I a (x) 
from which we can derive the ST identity for the matrix propagator of Wq , 



Kg'Df(fc) 



X 



ab 



T 



(k) 



with 



Dg^jfc) = < 0|TW£(W£) T |0 > (jfe) , S (k)5 ab 

( 



< 0\Tc b 4\0 > (k) , 



ab , 



X, (k) = X (k)S (k) 



6? < 0\TsW^\0 > ^ 



CI < 0\Ts4\0 > 



S (k) . 



(2.4) 
(2.5) 

(2.5a) 
(2.56) 



/ 



(k) 



To explain how the modification factor C^ od to the ET arises, we start from the well-known 
ST identity §- @ < 0|F o ai (A;i) • • • F£ n (k n )$ a \0 >= and set n = 1 , i.e., 



= G[F a (k); * a ] = gGM; $J = -lX ab ] T TlW«(k); $ 



;2.6) 



Here G[- ■ •] and T[- ■ •] denote the Green function and the S- matrix element, respectively. 
The identity (2.6) leads directly to 



k 



Mi 



H-T\W^(k); = c a (fc 2 )T[^; $ 



wo 



(2.7) 



with C^k 2 ) defined as 



1 + A^(k 2 ) + A a 2 {k 2 ^ 
1 + Ag(fc 2 



(2- 
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in which the quantities Af are the proper vertices of the composite operators 



A a 2 {k 2 )5 ab 



2Mi 



9o £ bc d<QlT 



wo 



<t>o4 \c a >(k) , 



9o bed 
'2 

which are shown diagrammatically in figure 1. 



ik»A%{k 2 )5 ab = -^- £ bcd < 0|T [W^c^l | eg > (Jfe) , 



IHc a ] 




/ 



7;a 



(b) 



IwVj 




(2.9) 




Composite operator diagrams contributing to radiative modification factor of the equivalence 
theorem in non-Abelian Higgs theories, (a). A" ; (b). Af ; (c). A3 . 



After renormalization, (2.8) becomes 

k 



M 



^T[W a »(k);$ a } = C°(fc 2 )T[i0°;$ a ] 



w 



with the finite renormalized coefficient 

C a (k 2 ) = Z Mw 



z w y 



C a (k 2 ) 



(2.10) 



(2.11) 



The renormalization constants are defined as Wq^ = Z w W afJ- , 0g = Z^<p a , and 
Mvi/o = Zm w Mw . The modification factor to the ET is precisely the value of this fi- 
nite renormalized coefficient C a (k 2 ) on the gauge boson mass-shell: 

C n a lod = C a {k 2 ) 



(2.12) 
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provided that the usual on-shell subtraction for Mw is adopted. In Sec. 3, we shall trans- 
form the identity (2.10) into the final form of the ET (which connects the W^-amplitude to 
that of the corresponding ^"-amplitude) for an arbitrary number of external longitudinal 
gauge bosons and obtain a modification-free formulation of the ET with C^ od = 1 to all 
loop orders. 

As shown above, the appearance of the C^ od factor to the ET is due to the amputation 
and renormalization of external W afl and 4> a lines by using the ST identity (2.5). Thus it 
is natural that the C^ od factor contains W aM -ghost, a -ghost and Higgs-ghost interactions 
expressed in terms of these A"-quantities. Further simplification can be made by re- 
expressing C^od in terms of known W afl and 4> a proper self-energies using WT identities as 
first proposed in Refs. ||- ||. This step is the basis of our simplification of C^ od = 1 and 
will be also adopted for constructing our new Scheme-IV in Sec. 2.2. We must emphasize 
that, our simplification of C^od = 1 does not need any explicit calculation of the new 
loop-level A 1 } -quantities which involve ghost interactions and are quite complicated. This 
is precisely why our simplification procedure is useful. 

Finally, we analyze the properties of the A"-quantities in different gauges and at 
different loop-levels. The loop-level A°-quantities are non-vanishing in general and make 
Co(k 2 ) 7^ 1 and C^ od ^ 1 order by order. In Landau gauge, these A"-quantities can 
be partially simplified, especially at the one-loop order, because the tree-level Higgs-ghost 
and a -ghost vertices vanish. This makes A" 2 = at one loop. a In general, 

A" = A 2 = + 0(2 loop) , A§ = 0(1 loop), ( in Landau gauge ) . (2.13) 

Beyond the one-loop order, A" 2 ^ since the Higgs and Goldstone boson fields can still 
indirectly couple to the ghosts via loop diagrams containing internal gauge fields, as shown 
in Figure 2. 



a We note that, in the non-Abelian case, the statement that A° 2 = for Landau gauge in Refs. j^H is 
only valid at the one-loop order. 
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IHcl L.m.^S*.. c a I(|) b C c ]] i-- — C a 

(a) (b) 

Figure 2. 

The lowest order diagrams contributing to A" (A; 2 ) and A^A; 2 ) in Landau gauge 



We note that the 2-loop diagram Figure 2b is non-vanishing in the full SM due to the tri- 
linear A^-W^-cfy^ and Z^-W^-ip^ vertices, while it vanishes in the SU(2)l theory since 
the couplings of these tri-linear vertices are proportional to sin 2 6w ■ 

2.2. Construction of Renormalization Scheme-IV 



From the generating equation for WT identities J5,n|, we obtain a set of identities for 
bare inverse propagators which contain the bare modification factor C*q(/c 2 ) [derived in 
(2.8), (2.9) and (2.12)] §i 

i^\iV^ U)ab (k)+^%K] = -M W0 C$(k 2 ){iV^ ab (k)-iK k u ] 
ikn-iV^(k)+iK k,} = -M WQ C^)\iV-^ ab {k)+i Q ^\ (2.14) 

iS^Jk) = [l + A a 3 (k 2 )][e-^ K M W0 CS(k 2 )]5 ab 

where V ^ u , Vq^ v , Vq^, So >ab are the unrenormalized full propagators for gauge boson, 
gauge-Goldstone-boson mixing and ghost, respectively. 



The renormalization program is chosen to match the on-shell scheme |L6| for the physical 
degrees of freedoms, since this is very convenient and popular for computing the electroweak 
radiative corrections (especially for high energy processes). Among other things, this choice 
means that the proper self energies of physical particles are renormalized so as to vanish on 
their mass-shells, and that the vacuum expectation value of the Higgs field is renormalized 
such that the tadpole graphs are exactly cancelled. If the vacuum expectation value were 
not renormalized in this way, there would be tadpole contributions to figure la. 



The renormalization constants of the unphysical degrees of freedoms are defined as 

<\>l = z\<\> a , c a = Z c c a , c a = c\ $ = Zg a , n a = Z K K a . (2.15) 

Some of these renormalization constants will be chosen such that the ET is free from 
radiative modifications, while the others are left to be determined as usual |16|] so that 

our scheme is most convenient for the practical application of the ET. Using (2.15) and 

i i 

the relations T> ^ u = Z^V^, T> ^ u = Z1Z^/D^ V , and So = Z C S , we obtain the 
renormalized identities 

wW£A k ) + = -c\e)M w ^v-^ ah {k)-z^zliKK] 

^[-iv-^ik) + z K ziz}ik^} = - c a (e)M w [tv^ ab (k) + ziz^z^} (2.16) 

iS- b \k) = Z c [l + A 3 (k 2 )][k 2 - iKM w Z^Z K {^)iC a {k 2 )]5 ab 

Note that the renormalized coefficient C a (k 2 ) appearing in (2.16) is precisely the same 
as that in (2.12). 

Constraints on Z^, Z K , Z^ and Z c can be drawn from the fact that the coefficients in 
the renormalized identities of (2.16) are finite. This implies that 

i _i 

Z^ = Vt^Zw , Z K = Q K Z-^Z^ 2 Z^ , 

(2.17) 

Z^ = Vt^Zw Zl Iw C (sub. point) , Z c = f2 c [l + A 3 (sub. point)}' 1 , 

with 

fy )K)< j>,c = l + 0(loop) = finite , (2.17a) 

where Q% , Q K , and Q c are unphysical and arbitrary finite constants to be determined 
by the subtraction conditions. 

The propagators are expressed in terms of the proper self-energies as 
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(g»v- k -^)(-k 2 + M 2 w -w ww {k 2 )) 

+ k -& (-r 1 ^ 2 + nw(^ 2 )) ] <U , 
-ikp [m w - k + n^(/c 2 )) s ab , 

(fc 2 -^-^* 2 )) Sab , 

[k 2 -^M w -U%(k 2 )) S ab , 



(2.18) 



where H^w * s the proper self-energy of the physical part of the gauge boson, and the II? 's 
are the unphysical proper self-energies. 

Expanding the propagators in (2.16) in terms of proper self-energies yields the following 
identities containing C(k 2 ) : 



C a (k 2 ) = 
C a (k 2 ) = 



r i fc 2 (^-i_i) +M ^-n^(A: 2 ) 
M w n{n K nf -l)+M 2 , + M w TL^(k 2 ) ' 
k 2 k(^I k ^ 1 -l)+M w + W W4l (k 2 ) 



m w ^ (nan-i _ i) + k 2 - w H {k 2 ) ' 

K- C (k 2 ) = k 2 - £kM w -Z c [1 + A 3 (k 2 )} \M 2 W - ^Q K M w C a (k 2 ) 



(2.19) 



We are now ready to construct of our new renormalization scheme, Scheme-IV , which 
will insure C(M^) = 1 for all i?^-gauges, including Landau gauge. The i?^-gauges 
are a continuous one parameter family of gauge- fixing conditions [cf. (2.1)] in which the 
parameter £ takes values from to oo . In practice, however, there are only three 
important special cases: the Landau gauge (£ = 0), the 't Hooft-Feynman gauge (£ = 1) 
and unitary gauge (£ — > oo). In the unitary gauge, the unphysical degrees of freedom 
freeze out and one cannot discuss the amplitude for the would-be Goldstone bosons. In 
addition, the loop renormalization becomes inconvenient in this gauge due to the bad high 
energy behavior of massive gauge-boson propagators and the resulting complication of the 
divergence structure. The 't Hooft-Feynman gauge offers great calculational advantages, 
since the gauge boson propagator takes a very simple form and the tree-level mass poles 
of each weak gauge boson and its corresponding Goldstone boson and ghost are all the 
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same. The Landau gauge proves very convenient in the electroweak chiral Lagrangian 
formalism [13[] by fully removing the complicated tree-level non-linear Goldstone boson- 
ghost interactions [cf. Sec. 3.2] and in this gauge unphysical would-be Goldstones are 
exactly massless like true Goldstone bosons. 

To construct the new Scheme-IV , we note that a priori, we have six free parameters 
to be specified: £ , k , , Z c , , and Q K in a general i?^-gauge. For Landau 
gauge ( £ = ), the gauge-fixing term £ GF [cf. (2.1)] gives vanishing Goldstone-boson 
masses without any ^-dependence, and the bi-linear gauge-boson vertex — ^(O^Wq) 2 
diverges, implying that the W^-propagator is transverse and independent of . The 
only finite term left in £gf for Landau gauge is the gauge- Goldstone mixing vertex 
Kocpod^WQ = Vt^Vt^cjyd^W^ 1 [cf. (2.17)], which will cancel the tree-level W-<p mixing 
from the Higgs kinetic term |_Dq$o| 2 i n (2-2) provided that we choose k = My/ . Hence, 
for the purpose of including Landau gauge into our Scheme-IV , we shall not make use 
of the degree of freedoms from and Q K , and in order to remove the tree-level W-(f) 
mixing, we shall set k = My/ . Thus, we fix the free parameters f2g , Q K and k as 
follows 



a. 



i 



K 



From (2.17), the choice — fl K — 1 



= M v 
implies 



in Scheme — IV 



(2.20) 



F a 



pa 



(2.21) 



i.e., the gauge-fixing function Ftf is unchanged after the renormalization. For the remain- 
ing three unphysical parameters £ , and Z c , we shall leave £ free to cover all 
i?g-gauges and leave Z c determined by the usual on-shell normalization condition 

_d_ 

dk 2 



= . (2.22) 

Therefore, in our Scheme-IV , the only free parameter, which we shall specify for insur- 
ing C(Myy) = 1 , is the wavefunction renormalization constant Z^ for the unphysical 
Goldstone boson. 



Under the above choice (2.20), the first two equations of (2.19) become 

C a (Myy) 



Myy 



LL WW 



(My],) 



Ml + MwU^M^) 



M^ + M W U^,(M^ 



M^-mJM, 



w) 



mi, - n^(M, 



w ) 



M 2 W 



(2.23) 
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at k 2 = Myy . Note that (2.23) re-expresses the factor C a (M' 2 v ) in terms of only two 
renormalized proper self-energies: 11* and U-ww ( or ^w<j> )• We emphasize that, unlike 
the most general relations (2.19) adopted in Refs. 0,0], the identity (2.23) compactly takes 
the same symbolic form for any R^-gauge including both 't Hooft-Feynman and Landau 
gauges under the choice (2.20). b 

From the new identity (2.23), we deduce that the modification factor C a (My V ) can be 
made equal to unity provided the condition 

S*(M^) = DW(4) ( 2 - 24 ) 

is imposed. This is readily done by adjusting in correspondence to the unphysical 
arbitrary finite quantity = l+5Q ( f ) in (2.17). The precise form of the needed adjustment 
can be determined by expressing the renormalized proper self-energies in terms of the bare 
proper self-energies plus the corresponding counter terms ||, 

N-ww,o{k 2 ) + SIl ww — Z w Il^ w>0 (k ) + (1 — Z w Z Mw )M w , 

U a w ^(k 2 ) = U w<f>i0 {k 2 ) + 8U w<t> = (Z w Z^U a w ^ (k 2 ) + [(Z w Z^Z 2 Mw ^ -i] Mw , 

w H {k 2 ) = n H , (k 2 ) + <m* = zfi^tf) + (1 - z^k 2 , 

(2.25) 

which, at the one-loop order, reduces to 

fl ww (k 2 ) = fl WWfi {k 2 ) - [5Z W + 2bZ Mw \M 2 v , 

fl W( p(k 2 ) = fl w ^(k 2 ) - [\{5Z W + 5Z^) + 5Z Mw ]M w , (2.26) 
ti^k 2 ) = YL^oik^-SZ^k 2 . 

Note that, in the above expressions for the .Rg-gauge counter terms under the choice Q% = 
Q K — 1 [cf. (2.20)], there is no explicit dependence on the gauge parameters £ and 
k so that (2.25) and (2.26) take the same forms for all i?g-gauges. From either (2.25) or 
(2.26), we see that in the counter terms to the self-energies there are three independent 
renormalization constants Zw, Zm w , and Z^ . Among them, Zw and Zm w have been 



b In fact, (2.23) holds for arbitrary k . 
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determined by the renormalization of the physical sector, such as in the on-shell scheme 
(which we shall adopt in this paper) [[U 

d 
die 



(2.27) 



= , ( for Z w ) ; 

k 2 =M* w 

n W( fc2 )U 2 =M2, = , (for Z Mw ) 



We are just left with from the unphysical sector which can be adjusted, as shown in 
eq. (2.17). Since the ghost self-energy Il" g is irrelevant to above identity (2.23), we do 
not list, in (2.25) and (2.26), the corresponding counter term 511^ which contains one 
more renormalization constant Z c and will be determined as usual [cf. (2.22)]. Finally, 
note that we have already included the Higgs-tadpole counter term — i5T in the bare 
Goldstone boson and Higgs boson self-energies, through the well-known tadpole = 
condition 0,[Ll],[nj . 



Now, equating U^JM^) and I1^ H/ (M^) according to (2.24), we solve for Zf. 

z = z W : nwK) ( in Scheme _ IV) (2 28) 

Z^ is thus expressed in terms of known quantities, that is, in terms of the renormalization 
constants of the physical sector and the bare unphysical proper self-energies of the gauge 
fields and the Goldstone boson fields, which must be computed in any practical renor- 
malization program. We thus obtain C a (My V ) = 1 without the extra work of explicitly 
evaluating the complicated A" 's. At the one-loop level, the solution for Z^ = 1 + 5Z^ in 
(2.27) reduces to 

5Z^ = l+5Z w + 25Z Mw + M^[u;^ (M^)-fl a WWfi (M^)] . (2.28a) 

If we specialize to Landau gauge, (2.28a) can be alternatively expressed in terms of the 
bare ghost self-energy n c c,o plus the gauge boson renormalization constants: 

5Z^ = l + 5Z w + 25Z Mw + 2M^fl a c5fi (M^) , (£ = 0) , (2.28a') 

due to the Landau gauge WT identity (valid up to one loop) 

n^o(M^) - fW, (M^) = 2n cc - (M^) + 0(2 loop) . (2.29) 
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The validity of (2.29) can be proven directly. From the first two identities of our (2.14) we 
derive 



wo) 



m wo - m,JM W0 ) 



C a {M w ) + 0(2 loop) 



(2.30) 



1 + -M w 2 n^o(M^) - IW i0 (M, 



Wj 



0(2 loop) 



and from the third identity of (2.14) plus (2.8) and (2.13) we have 



1 - Af(M^) + 0(2 loop) , ( £ = ) 

1 + M w 2 U a c - c JM^) + 0(2 loop) , ( £ = 



(3.31) 



Thus, comparison of (2.30) with (2.31) gives our one-loop order Landau-gauge WT identity 
(2.29) so that (2.28a') can be simply deduced from (2.28a). As a consistency check, we 
note that the same one-loop result (2.28a') can also be directly derived from (2.8), (2.11) 
and (2.13) for Landau gauge by using (3.31) and requiring 0^ od = 1 , 

In summary, the complete definition of the Scheme-IV for the SU(2) l Higgs theory is 
as follows: The physical sector is renormalized in the conventional on-shell scheme P,|16[. 
This means that the vacuum expectation value is renormalized so that tadpoles are exactly 
cancelled, the proper self-energies of physical states vanish on their mass-shells, and the 
residues of the propagator poles are normalized to unity. For the gauge sector, this means 
that Z w and Z Mw are determined by (2.27). 

In the unphysical sector, the parameters k , Q K and are chosen as in (2.20). The 
ghost wavefunction renormalization constant Z c is determined as usual [cf. (2.22)]. The 
Goldstone wavefunction renormalization constant is chosen as in (2.28) [or (2.28a)] so 
that C(M W ) = 1 is ensured. From (2.12), we see that this will automatically render the 
ET modification-free. 



2.3. Scheme-IV in the Standard Model 

For the full SM, the renormalization is greatly complicated due to the various mixings 
in the neutral sector |3,T^]. However, the first two WT identities in (2.19) take the same 



symbolic forms for both the charged and neutral sectors as shown in Ref. ||. This makes 
the generalization of our Scheme-IV to the SM straightforward. Even so, we still have a 
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further complication in our final result for determining the wavefunction renormalization 
constant Z^z of the neutral Goldstone field <p z , due to the mixings in the counter term 
to the bare Z boson self-energy. 



The SM gauge-fixing term can be compactly written as follows |5| 
£gf : 

where 



and 



l(F + F - + F F+)- 1 -(F»rF% 



F ± 



(e w )-iz 



(2.32) 



(2.33) 



(2.34a) 



(e 

(s c o 



JV\— i 











(2.346) 



Kq 



K 



(2.34c) 



The construction of Scheme-IV for the charged sector is essentially the same as the SU(2)l 
theory and will be summarized below in (2.41). So, we only need to take care of the neutral 
sector. We can derive a set of WT identities parallel to (2.14) and (2.16) as in Ref. || and 
obtain the following constraints on the renormalization constants for £jv an d K 



n~ 2 



r 



1\ T 

2 



N 



(2.35) 



with 



fL 2 



o 



ZA\ 



(n 



l + 5fif z 



c^ A )-i 



(2.35a, 6) 







5Q 



AZ 
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As in (2.20), we choose 



fL = 



1 
1 



1 o 





, Kz = M z , (in Scheme - IV ) . (2.36) 



As mentioned above, in the full SM, the corresponding identities for C w [M^) and 
C Z (M Z ) take the same symbolic forms as (2.23) 



C W {M 2 W ) 



m^-u w+w -(m^) 



, C Z (M Z ) 



M^-n^-(M^) 

which can be simplified to unity provided that 



Mf - U ZZ (M Z ) 
Ml -IW (MI) 



IW(M^) = U W+W -(M^) , IL^z (Ml) = U ZZ (M 2 Z ) 



(2.37) 



(2.38) 



The solution for Z^± from the first condition of (2.38) is the same as in (2.28) or (2.28a), 
but the solution for Z^z from the second condition of (2.38) is complicated due to the 
mixings in the Hzz,o counter term: 

TL zz (k 2 ) = ti ZZfi (k 2 ) + 5fl zz = Z zz fl ZZfi (k 2 ) + (l-Z zz Z 2 Mz )M 2 , 

flzz,o(k 2 ) = K ZZfi {k 2 ) + Z z lz\ z [tl ZAfl {k 2 ) + U AZfi (k 2 )] + Z z l z Z Az fl AAfl {k 2 ) ; 



n^z0z(A; 2 ) = Z^zU^z^z^k 2 ) + (1 - Z^k 2 . 

Substituting (2.39) into the second condition of (2.38), we find 
Z 2 M M 2 - fl ZZfi (M 2 ) 



(2.39) 



in Scheme — IV ) 



M!-n W)0 (M!) ' 

= 1 + 5Z ZZ + 25Z Mz + M z 2 lu^zjM 2 ) - U ZZfi (M 2 ) 



at 1 loop 



(2.40) 

where the quantity Tlzz,o is defined in the second equation of (2.39). The added compli- 
cation to the solution of Z^z due to the mixing effects in the neutral sector vanishes at 
one loop. 

Finally, we summarize Scheme-IV for the full SM. For both the physical and unphysical 
parts, the renormalization conditions will be imposed separately for the charged and neutral 
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sectors. The conditions for the charged sector are identical to those for the SU(2)l theory. 
In the neutral sector, for the physical part, the photon and electric charge are renormalized 
as in QED ||I6| , while for the unphysical part, we choose (2.36) and (2.40). The constraints 
on the whole unphysical sector in the Scheme-IV are as follows: 



= Mi 



w 



fi e ± = 1 



fi„± = 1 



n 0+ ^-(M, 



w) 



n 



w + w -(Mw 



Zl i w Mw — Il w + w - fi (Mw) 



bZ^± = 5Z W ± + 25Z Mw + M w 2 IL^+^-^Mw) - U W + W - )0 (M ] 



and 



k z = M z , 



1 
1 



1 o 





fW(Mf) = n zz (M 2 z ) 



z 2 M Ml- n ZZfi (Mp 
mi - n^^ )0 (Mi) 



at 1 loop ) ; 

(2.41) 



5 V = <5Z ZZ + 2SZ Mz + M^ 2 n 0Z0 z iO (Ml) - Yi ZZfi {M 2 z 



at 1 loop ) ; 



(2.42) 



which insure 

C W (M } 



w) 



1 



C z {Ml) 



1 



in Scheme — IV 



(2.43) 



Note that in (2.42) the quantity H zz ^ is defined in terms of the bare self-energies of the 
neutral gauge bosons by the second equation of (2.39) and reduces to flzz,o at one loop. 



3. Precise Modification-Free Formulation of the ET for All i?g-Gauges 

In this section, we first give the modification-free formulation of the ET within our 
new Scheme-IV for both SU(2)l Higgs theory and the full SM. In Sec. 3.2, we further 
generalize our result to the electroweak chiral Lagrangian (EWCL) formalism |T3|JT8|| which 



provides the most economical description of the strongly coupled EWSB sector below the 
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scale of new physics denoted by the effective cut-off A(< 4nv « 3.1 TeV). Numerous appli- 
cations of the ET in this formalism have appeared in recent years ||25|| . The generalization 
to linearly realized effective Lagrangians |19| is much simpler and will be briefly discussed 
at the end of Sec. 3.2. Also, based upon our modification-free formulation of the ET, we 
propose a new prescription, called " Divided Equivalence Theorem " (DET), for minimiz- 
ing the approximation due to ignoring the additive I?-term in the ET. Finally, in Sec. 3.3, 
we analyze the relation of Scheme-IV to our previous schemes for the precise formulation 
of the ET. 

3.1. The Precise Formulation in the SU(2)i theory and the SM 

From our general formulation in Sec. 2.1, we see that the radiative modification factor 
C mod to the ET is precisely equal to the factor C a {k 2 ) evaluated at the physical mass 
pole of the longitudinal gauge boson in the usual on-shell scheme. This is explicitly shown 
in (2.12) for SU{2)l theory and the generalization to the full SM is straightforward |[J|J 

CZ d = C W (M^) , Ci oA = C Z (MI) , (3.1) 

for the on-shell subtraction of the gauge boson masses Mw and Mz ■ 

We then directly apply our renormalization Scheme-IV to give a new modification- free 
formulation of the ET for all R^-gauges. For SU(2)l Higgs theory, we have 

C mod = 1 , ( Scheme - IV for SU(2) L Higgs theory ) (3.2) 

where the Scheme-IV is defined in (2.20) and (2.28,28a). For the SM, we have 

CZ oA = 1 , Ci oA = 1 , ( Scheme - IV for SM ) (3.3) 

where the Scheme-IV is summarized in (2.41) and (2.42). We emphasize that the only 
special step to exactly ensure C mod = 1 and = 1 is to choose the unphysical 

Goldstone boson wavefunction renormalization constants as in (2.28) for the SU(2)l 
theory and and Z^z as in (2.41)-(2.42) for the SM. 

Therefore, we can re-formulate the ET (1.1)-(1.2) in Scheme-IV with the radiative 
modifications removed: 

T[V?,---,V?;$ a ] =T[t<p ai ,---,tr n ;^ a }+B , (3.4) 
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B = Er=i( T[v ai , • • • , v ai ,i(p ai +\ i(j) a "; $J + permutations of v's and 0's ) 

= 0(M w /Ej) -suppressed (3.4a, 6) 

y a = ^ ^ = £ M _ = 0{M V / E) , (My = M W , M Z ) , 

with the conditions 

Ej ~ fcj » M w , ( j = 1, 2, • • • , n ) , (3.5a) 

T[i0 ai ,---,20 a ";$ Q ] > £ . (3.56) 

Once Scheme-IV is chosen, we need not worry about the C^ od -factors in (1.1)-(1.2) in any 
i?g-gauges and to any loop order. We remark that Scheme-IV is also valid for the 1/0V- 
expansion [JTTJ] since the above formulation is based upon the WT identities (for two-point 
self-energies) which take the same form in any perturbative expansion. For the sake of 
many phenomenological applications, the explicit generalization to the important effective 
Lagrangian formalisms will be summarized in the following section. 

3.2. Generalization to the Electron) eak Chiral Lagrangian Formalism 

The radiative modification-free formulation of the ET for the electroweak chiral La- 
grangian (EWCL) formalism was given in Ref. || for Scheme-II which cannot be used in 
Landau gauge. However, since Landau gauge is widely used for the EWCL in the literature 
due to its special convenience for this non-linear formalism |[L3|| , it is important and useful 
to generalize our Scheme-IV to the EWCL. As to be shown below, this generalization is 
straightforward. We shall summarize our main results for the full SU(2) (g> U(l)y EWCL. 
For the convenience of practical applications of the ET within this formalism, some useful 
technical details will be provided in Appendices-A and -B. In the following analyses, we 
shall not distinguish the notations between bare and renormalized quantities unless it is 
necessary. 
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We start from the quantized SU(2) L <g> U(1) Y bare EWCL 



£W = C eS + C GF + C 



FP 



£eff 
£(2) 



with 



-cff 



-Ir(W^W^) - -fi^fi^ 



-Tr[(D„uy(D»U)\ , 



(3.6) 



C/ = exp[ir a 7r a /t;] , D^U = d^U + igW^U - ig'UB 



/i m 2 



B, 



2 



A* J 



•fLj = (flj, hj) 



l ' ^ = (hi 7 hi) T R 7 



(3.7) 

where ir a 's are the would-be Goldstone fields in the non-linear realization; fij and /2j are 
the up- and down- type fermions of the j-th family (either quarks or leptons) respectively, 
and all right-handed fermions are SU(2)l singlet. 

In (3.6), the leading order Lagrangian £ G + + C-p denotes the model-independent 
contributions; the model-dependent next-to-leading order effective Lagrangian C eS is given 
in Appendix-A. Many effective operators contained in C' eS (cf. Appendix-A), as reflec- 
tions of the new physics, can be tested at the LHC and possible future electron (and pho- 
ton) Linear Colliders (LC) through longitudinal gauge boson scattering processes P, p5|p6| . 
Nonetheless, the analysis of the ET and the modification factors C^ od do not depend on 
the details of C' cS . 

The SU(2) L ® U(l)y gauge-fixing term, £qf, in (3.6) is the same as that defined 
in (2.29) for the SM except that the linearly realized Goldstone boson fields 



are 
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replaced by the non-linearly realized fields (7T ±,Z ) . The BRST transformations for the bare 
gauge and Goldstone boson fields are 



sZ„ = 



sA„. = 



S7l 



SIT 



- 8^ =f i [e{A^ - W±c A ) + gc w {Z^ - W±c z ) 

- d^c 2 - igc 



W^c- - W-c+ 



<9 M c — ie 



Mi 



w 



M, 



±i(n z c ± + t^c 3 ) - rin ± {n + c~ + tt~c + ) - — ttVc 2 + C 



i(7T C + — 7T + C ) — C w r]7T Z (7T + C + 7T C + ) — 7]]^ 1^ C Z + ( & 



where c w = cos6>w and 



(3.8) 



c 3 



[cos26» w ]c z + [sin 20^^ 



7T COt 7T — 1 1 ^ . 9 . 

'/ = = "3+0(7r 2 ) , 



7T Z 



7T COt 7T = 1 



3w 2 



7T ■ 7T + 0("7T 



7T 

TL = — 



7T = 7T • 7T 



(3.9) 



The derivations for stt 1 * 1 and S7r z are given in Appendix-B. Note that the non-linear 
realization greatly complicates the BRST transformations for the Goldstone boson fields. 
This makes the A"-quantities which appear in the modification factors much more complex. 

With the BRST transformations (3.8), we can write down the i?g-gauge Faddeev-Popov 
ghost Lagrangian in this non-linear formalism as: 



£fp = iw \c + sF + + c + sF- 



+ i\c + sF z + i\c + sF A 



(3.10) 



The full expression is very lengthy due to the complicated non-linear BRST transformations 
for 7r a 's. In the Landau gauge, C-p-p is greatly simplified and has the same form as that in 
the linearly realized SM, due to the decoupling of ghosts from the Goldstone bosons at tree- 
level. This is clear from (3.10) after substituting (2.33) and setting £vf — £z — £a — [cf. 
(B6) in Appendix-B]. This is why the inclusion of Landau gauge into the modification-free 
formulation of the ET is particularly useful. 
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With these preliminaries, we can now generalize our precise formulation of the ET to 
the EWCL formalism. In Sec. 2 and 3, our derivation of the factor-C^ od and construction 
of the renormalization Scheme-IV for simplifying it to unity are based upon the gen- 
eral ST and WT identities. The validity of these general identities does not rely on any 
explicit expression of the A"-quantities and the proper self-energies, and this makes our 
generalization straightforward. Our results are summarized as follows. 

First we consider the derivation of the modification factor-C^j 's from the amputation 
and renormalization of external Vl and ir lines. Symbolically, the expressions for C^ od 's 
still have the same dependences on the renormalization constants and the A"-quantities 
but their explicit expressions are changed in the EWCL formalism ||. We consider the 
charged sector as an example of the changes. 



°mod 



C W (M ] 



w) 



1 + Af(fc 2 ) + Af (k 



1 + Af(k 2 ) 



(3.11) 



which has the same symbolic form as the linear SM case [H [see also (2.18), (2.11) and 
(2.12) for the SU(2)l Higgs theory in the present paper], but the expressions for these 
Aj 's are given by 



1+Af (P) + Af (jfc 2 ) = 



ik,, 



1 + A 3 ^ 2 ) 



Mi 



< 0[T , (»7r =F )|c ± > (k) 



IV 



(3.12) 



<0\T(sWJ)\c±>(k) 



where all fields and parameters are bare, and the BRST transformations for n a and 
are given by (3.8). From (3.8)-(3.10) we see that the expression for AY{k 2 ) + A^(A; 2 ) has 
been greatly complicated due to the non-linear transformation of the Goldstone bosons, 
while the A^ takes the same symbolic form as in the linear SM. For Landau gauge, 
these Aj 's still satisfy the relation (2.13) and the two-loop graph of the type of Fig. 2b 
also appears in the A] v (/c 2 ) + A^(A; 2 ) of (3.10). We do not give any further detailed 
expressions for these Aj 's in either charged or neutral sector, because the following 
formulation of the ET within the Scheme-IV does not rely on any of these complicated 
quantities for C^ od . 

Second, consider the WT identities derived in Sec. 2, which enable us to re-express 
C^ od in terms of the proper self-energies of the gauge and Goldstone fields and make our 
construction of the Scheme-IV possible. For the non-linear EWCL, the main difference 
is that we now have higher order effective operators in C' eS (cf. Appendix-A) which 
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parameterize the new physics effects below the effective cutoff scale A . However, they do 
not affect the WT identities for self-energies derived in Sec. 2 because their contributions, 



by definition, can always be included into the bare self-energies, as was done in Ref. fL3 
Thus, our the construction for the Scheme-IV in Sec. 2 holds for the EWCL formalism. 
Hence, our final conclusion on the modification-free formulation of the ET in this formalism 
is the same as that given in (3.1)-(3.5) of Sec. 3.1, after simply replacing the linearly realized 
Goldstone boson fields (<f) a 's) by the non-linearly realized fields (ir a 's). 

Before concluding this section, we remark upon another popular effective Lagrangian 
formalism [IT3] for the weakly coupled EWSB sector (also called the decoupling scenario). 



In this formalism, the lowest order Lagrangian is just the linear SM with a relatively light 
Higgs boson and all higher order effective operators must have dimensionalities larger than 
four and are suppressed by the cutoff scale A : 

£bncai = £ gM + ^___£ n (3.13) 



it 



where d n (> 5) is the dimension of the effective operator C n and the effective cut-off A 
has, in principle, no upper bound. The generalization of our modification- free formulation 
of the ET to this formalism is extremely simple. All our discussions in Sec. 2 and 3.1 
hold and the only new thing is to put the new physics contributions to the self-energies 
into the bare self-energies so that the general relations between the bare and renormalized 
self-energies [cf. (2.25) and (2.39)] remain the same. This is similar to the case of the 
non-linear EWCL (the non- decoupling scenario). 



3. 3. Divided Equivalence Theorem: a New Improvement 

In this section, for the purpose of minimizing the approximation from ignoring the 
additive .B-term in the ET (3.4) or (1.1), we propose a convenient new prescription, called 
" Divided Equivalence Theorem " (DET), based upon our modification-free formulation 
(3.4). 

We first note that the rigorous Scheme-IV and the previous Scheme-II [|],[5] (cf. Sec. 3.4) 
do not rely on the size of the B-term. Furthermore, the result C^ od = 1 greatly simplifies 
the expression for the .B-term [cf. (1.1) and (3.4)]. This makes any further exploration and 
application of either the physical or technical content of the ET very convenient. In the 
following, we show how the error caused by ignoring .B-term in the ET can be minimized 
through the new prescription DET. 
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For any given perturbative expansion up to a finite order N, the S'-matrix T (involving 
V£ or 4> a ) and the £>-term can be generally written as T = YleLo Te and B = Y^eLo Be . 
Within our modification-free formulation (3.4) of the ET, we have no complication due to 
the expansion of each C^ od -factor on the RHS of (1.1) [i.e., C£ od = Ee= (C* md ) e ]. 
Therefore, at £-th order and with C^ od = 1 insured, the exact ET identity in (3.4) can 
be expanded as 

= T,^ ai ,---,^;$J + B e , (3.14) 

and the conditions (3.5ab) become, at the £-th order, 

Ej~ A- > M w , ( j = 1, 2, - • • , n ) , (3.15a) 

WV--,^°«;$ a ] >^ , {£ = 0,1,2,- ••) . (3.156) 
We can estimate the £-th order 5-term as [cf. (1.3)] 

Bi = o (^fj rsr\ • • • , ^\ *«] + o (^J Zi[^ , ^ , • • • , ; *«] , (3.16) 

which is 0(M H //£'j)-suppressed for Ej ^> M w . When the next-to-leading order (NLO: 
£ — 1 ) contributions (containing possible new physics effects, cf. Appendix-A for instance) 
are included, the main limitation c on the predication of the ET for the V^-amplitude via 
computing the Goldstone boson amplitude is due to ignoring the leading order £? -term. 
This leading _B -term is of 0(g 2 ) [§,(| in the heavy Higgs SM and the CLEWT and cannot 
always be ignored in comparison with the NLO a -amplitude 7\ though we usually have 
T 3> Bo and T\ 3> B\ respectively |||§ because of (3.16). It has been shown || that, 
except some special kinetic regions, T 3> -Bo and T\ 3> B\ for all effective operators 
containing pure Goldstone boson interactions (cf. Appendix-A), as long as Ej ^> Mw ■ 
Based upon the above new equations (3.14)-(3.16), we can precisely formulate the ET at 
each given order-£ of the perturbative expansion where only Be , but not the whole B- 
term, will be ignored to build the longitudinal/Goldstone boson equivalence. Hence, the 
equivalence is divided order by order in the perturbative expansion, and the condition for 



c We must clarify that, for the discussion of the physical content of the ET as a criterion for probing the 
EWSB, as done in Refs. ||||, the issue of including/ignoring the B-term is essentially irrelevant because 
both the Goldstone boson amplitude and the B-term are explicitly estimated order by order and are 
compared to each other [||J|] . 
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this divided equivalence is Ti ^> Be (at the £-th order) which is much weaker than 
Tg ^> B [deduced from (3.5b)] for i > 1 . For convenience, we call this formulation 
as " Divided Equivalence Theorem " (DET). Therefore, to improve the prediction of Vl- 
amplitude for the most interesting NLO contributions (in T\ ) by using the ET, we propose 
the following simple prescription: 

(i) . Perform a direct and precise unitary gauge calculation for the tree-level V^-amplitude 

^o[VrJ which is quite simple. 

(ii) . Make use of the DET (3.14) and deduce Ti[Vi] from the Goldstone boson amplitude 

T\[GB\ , by ignoring B\ only. 

To see how simple the direct unitary gauge calculation of the tree-level V^-amplitude is, 
we calculate the W£W£ — > W^W£ scattering amplitude in the EWCL formalism as a 
typical example. The exact tree- level amplitude T [Wi] only takes three lines: 

4x{2x + 3) 2 cos# 



T [W L ] = ig 



;i + a;) 2 sin 2 ^ + 2x(l+a;)(3cos^- 1) - c 



2 



+c: 



-Me 2 



Ax + 3 - s 2 c w 2 

2 8x(l + ar)(l - cos 0)(1 + 3 cos 9) + 2[(3 + cos 0)x + 2] [(1 - cos 9)x - cos 9}< 



2x(l - cos 9) + c. 



-2 



x(2x + 3) 2 cos 9 A/ _ Wil „ f(3 + cos6»)x + 2lf(l - cos6»)x - cos^l' 

+ 4(l + x)(l + 3cosf ) ^ 1 Jl J 



x + 1 ' x(l — cos9) 

(3.17) 

where 9 is the scattering angle, x = p 2 /M^ with p denoting the CM. momentum, 
and s w = sin9 w , c w = cos Ow . (3.17) contains five diagrams: one contact diagram, 
two s-channel diagrams by Z and photon exchange, and two similar t-channel diagrams. 
The corresponding Goldstone boson amplitude also contain five similar diagrams except 
all external lines being scalars. However, even for just including the leading B -term 
which contains only one external t> a -line [cf. (3.4a) or (1.1b)], one has to compute extra 
5 x 4 = 20 tree-level graphs due to all possible permutations of the external v Mine. It 
is easy to figure out how the number of these extra graphs will be greatly increased if one 
explicitly calculates the whole B-term. Therefore, we point out that, as the lowest order 
tree-level V^-amplitude is concerned, it is much simpler to directly calculate the precise 
tree-level V^-amplitude in the unitary gauge than to indirectly calculate the .Rg-gauge 
Goldstone boson amplitude plus the complicated B or the whole B term [which contains 
much more diagrams due to the permutations of t^-factors in (1.1b) or (3.4a)] as proposed 



in some literature 24 . To minimize the numerical error related to the .B-term, our new 



prescription DET is the best and the most convenient. 
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Then, let us further exemplify, up to the NLO of the EWCL formalism, how the pre- 
cision of the ET is improved by the above new prescription DET. Consider the lowest 
order contributions from + + C-p [cf. (3.6)] and the NLO contributions from the 
important operators £4,5 (cf. Appendix A). For the typical process WlWl — > WlWl 
up to the NLO, both explicit calculations and the power counting analysis MM give 



To = O^-j , B 




(3.18) 



where v = 246 GeV and A ~ Airv ~ 3.1 TeV. From the condition (3.5b) and (3.15b) and 
up to the NLO, we have 

(3.56) : T x > B 1 > 24.6% , (for E = 1 TeV) ; 

(3.156) : T > B 1 > 2.56% , (for E = 1 TeV) ; (3.19) 

T X ^B X 1 > 2.56% , (for E = 1 TeV) . 

Here we see that, up to the NLO and for E = 1 TeV, the precision of the DET (3.14)-(3.16) 
is increased by about a factor of 10 in comparison with the usual prescription of the ET [cf. 
(3.5a,b)] as ignoring the B-term is concerned. It is clear that the DET (3.14)- (3. 16) can 
be applied to a much wider high energy region than the usual ET due to the much weaker 
condition (3.15b). 

In general, to do a calculation up to any order i > 1 , we can apply the DET to 
minimize the approximation due to the .B-term by following way: computing the full Vl- 
amplitude up to the [I — l)-th order and applying the DET (3.14) at £-th order with 
Bi ignored. The practical applications of this DET up to NLO (£ = 1) turns out most 
convenient. It is obvious that the above formulation for DET generally holds for both the 
SM and the effective Lagrangian formalisms. 

3-4- Comparison of Scheme- IV with Other Schemes 

The fact that we call the new renormalization scheme, Scheme-IV , implies that there 
are three other previous renormalization schemes for the ET. Schemes-I and -i7 were 
defined in references [§]||, while Scheme-Ill was defined in reference 0. 
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Scheme-I is a generalization of the usual one-loop level on-shell scheme |I| to all 
orders. In this scheme, the unphysical sector is renormalized such that, for example, in the 
pure SU (2) l Higgs theory 



nw((«%) = n^(^M^) = u^ k m w ) = tpJ£kM w ) = o , (3.200) 

d ~ 

= , (3.206) 



dk 2 U U k2 ; 



= , ^KAk 2 ) 



k 2 =£KM W 

where k 2 = ^kMw is the tree level mass pole of the unphysical sector. In this scheme, 
the modification factor is not unity, but does take a very simple form in terms of a single 
parameter determined by the renormalization scheme P],j5J, 

C^ od = tt- 1 , ( Scheme - I with k = M w and f = 1 ) . (3.21) 

Scheme-II is a variation of the usual on-shell scheme, in which the unphysical 
sector is renormalized such that C^ od is set equal to unity. The choice here is to impose all 
of the conditions in (3.20) except that the Goldstone boson wavefunction renormalization 
constant is not determined by (3.20b) but specially chosen. To accomplish this, is 
adjusted so that II ww (^kMw) = , and Z$ is adjusted so that n^, (£kMw) = 0. Q K is 
set to unity, which ensures that Yi^^nMw) = IL^^kMw) = , and Z c is adjusted to 
ensure that the residue of the ghost propagator is unity. The above conditions guarantee 
that 6 a (£nM w ) = 1. The final choice is to set « = ^M w so that C^ od = 1 . This 
scheme is particularly convenient for the 't Hooft-Feynman gauge, where k = Mw- For 
£ 7^ 1 , there is a complication due to the tree level gauge- Goldstone-boson mixing term 
proportional to k — Mw = (£ _1 — l)Mjy . But this is not a big problem since the mixing 
term corresponds to a tree level gauge- Goldstone-boson propagator similar to that found 



in the Lorentz gauge ( k = ) p0[ . The main shortcoming of this scheme is that it does 
not include Landau gauge since, for £ = , the choice k = £~ 1 Mw is singular and the 
quantities have no meaning. In contrast to Scheme-II , Scheme-IV is valid for all R^- 
gauges including both Landau and 't Hooft-Feynman gauges. The primary inconvenience 
of Scheme-IV is that for non-Landau gauges all unphysical mass poles deviate from their 
tree-level values pT| , p!6| ,|5| , thereby invalidating condition (3.20a). d This is not really a 
problem since these poles have no physical effect. 



d The violation of (3.20a) in non-Landau gauges is not special to Scheme-IV , but is a general feature 
of all schemes [pl|- p3[ ] which choose the renormalization prescription (2.21) for the gauge-fixing condi- 
tion ||g. 
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Scheme-Ill |§ is specially designed for the pure V^-scatterings in the strongly coupled 
EWSB sector. For a 2 — > n — 2 ( n > 4 ) strong pure V^-scattering process, the S-term 
defined in (1.1) is of order 0(g 2 )v n ~ 4 , where i> = 246 GeV. By the electroweak power 
counting analysis |9|||, it has been shown || that all (^-dependent contributions from either 
vertices or the mass poles of gauge-boson, Goldstone boson and ghost fields are at most of 

0(g 2 ) and the contributions of fermion Yukawa couplings (?//) coming from fermion-loops 

y 2 2 

are of O(j^) < O(^) since y f < y t ~ 0(g) . Also, in the factor C£ od all loop- 

2 

level A^-quantities [cf. eq. (2.9) and Fig.l] are of 0(-^jr^) since they contain at least 
two ghost-gauge-boson or ghost-scalar vertices. Hence, if the 5-term (of 0(g 2 )f™~ A ) is 
ignored in the strong pure Vx-scattering amplitude, all other g- and ^/-dependent terms 
should also be ignored. Consequently we can simplify the modification factor such that 
C mod ~l + 0((? 2 ) by choosing § 

( Scheme - III ) . (3.22) 

9,e,Vf=0 

All other renormalization conditions can be freely chosen as in any standard renormaliza- 
tion scheme. (Here M v hys is the physical mass pole of the gauge boson V a . Note that 
we have set M^ hys = My in Scheme-IV for simplicity.) In this scheme, because of the 
neglect of all gauge and Yukawa couplings, all gauge-boson, Goldstone-boson and ghost 
mass poles are approximately zero. Thus, all i?^-gauges (including both 't Hooft-Feynman 
and Landau gauges) become equivalent, for the case of strong pure V^-scatterings in both 
the heavy Higgs SM or the EWCL formalism. But, for processes involving fields other 
than longitudinal gauge bosons, only Scheme-II and Scheme-IV are suitable. 6 Even in 
the case of pure V^-scattering, we note that in the kinematic regions around the t and u 
channel singularities, photon exchange becomes important and must be retained 0. In 
this case, Scheme-IV or Scheme-II is required to remove the C mod -factors. 

In summary, renormalization Scheme-IV ensures the modification-free formulation of 
the ET [cf. (3.1)-(3.5)]. It is valid for all i?^-gauges, but is particularly convenient for the 
Landau gauge where all unphysical Goldstone boson and ghost fields are exactly mass- 
less PJ17B- Scheme-II flU, on the other hand, is particularly convenient for 't Hooft- 
Feynman gauge. For all other i?^-gauges, both schemes are valid, but the Scheme-IV may 



e Some interesting examples are W L W L ,Z L Z L -> tt , V L H V L H , and AA W L W L , WWV L V L , etc. 
(A =photon) . 



Zj,a 



My ' 



Zya Z 
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be more convenient due to the absence of the tree-level gauge-Goldstone boson mixing. 



4. Explicit One-Loop Calculations 

4-1. One-loop Calculations for the Heavy Higgs Standard Model 

To demonstrate the effectiveness of Scheme-IV , we first consider the heavy Higgs limit 
of the standard model. The complete one-loop calculations for proper self-energies and 
renormalization constants in the heavy Higgs limit have been given for general i?^-gauges 
in reference || for renormalization Scheme-I . Since, in this scheme, = l+5Vl^' zz « 

1 at one-loop in the heavy Higgs limit, Scheme-I coincides with Scheme-IV to this order. 
Hence, we can directly use those results to demonstrate that C^f d is equal to unity in 
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Scheme-IV . The results for the charged and neutral sectors are ||: 



riw,o(fc 2 ) 



fWfc 2 



n, 



(k 2 



SZm v 



5Z^ 



5Z 



zz 



SZ d 



5Z d 



Af z (k 2 ) 



16tt 2 

,2 



—m 



H 



-M 2 ln^f 
4 W M 2 V] 



9 




IQix 2 c 2 



1 m 2 H 



16vr 2 
16n 2 c 2 



5 m] 
16 Mi + 12 n Mi 



1 mi 5 , m% 

— A In — 

16 M| 12 M| 



9 



167T 2 12 
,2 X 



1 m 
in 



Ml 



9 



16tt 2 12c 2 



, m 2 rj 

ln 4 




(4.1) 



Note that and the corresponding neutral sector terms (cf. Fig. 1) are not enhanced by 
powers or logarithms of the large Higgs mass, and thus are ignored in this approximation. 
Substituting 5Z W , 5Z Mw , n^±^± j0 , U. WWj0 and 5Z ZZ , 5Z Mz , U^^z^, U Z z,o into the 
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right hand sides of eqs. (2.41) and (2.42) respectively, we obtain 



5Z d , 



5Zmz = 



16tt 2 



1 m 2 H 



8M? 



w 



/ 3 Mi rn\ 



9' 



lQn 2 c 2 



1 m 2 H 



SM 2 , 



+ P + ^ln< 
V 4 2/ Ml 



(4.2) 



verifying the equivalence of Schemes-I and -IV in this limit. This means that the one- 
loop value of C^f should be equal to unity. Using (2.8), (2.11) and the renormalization 
constants given in (4.1), we directly compute the up to one-loop in the i?^-gauges 

for the heavy Higgs case as 



U mod 



1 + - (5Z W - 5 V + 25Z Mw ) + Af (M*r) 



= 1 + 



16tt 2 





167 Ml 



5 

12 



- + - r n M 



1 + 0(2 loop) , 



C mod = 1 + ^ (<5Z ZZ - 5 V + 25Z Mz ) + Af (Ml) 



(4.3) 



1 + 




m H I 1 d 
167 ^24 + 8 



12 4 + 4 M 2 



= 1 + 0(2 loop) . 



Equation (4.3) is an explicit one-loop proof that C^f d = 1 in Scheme-IV . The agreement 
of Schemes-I and -/V only occurs in the heavy Higgs limit up to one-loop order. When the 
Higgs is not very heavy, the full one-loop corrections from all scalar and gauge couplings 
must be included, so that Scheme-IV and Scheme-I are no longer equivalent. 

4-2. Complete One-Loop Calculations for the U(l) Higgs theory 

The simplest case to explicitly demonstrate Scheme-IV for arbitrary Higgs mass is the 
U(l) Higgs theory. In this section, we use complete one- loop calculations in the U(l) Higgs 
theory (for any value of m#) to explicitly verify that C mo d = 1 in Scheme-IV for both 
Landau and 't Hooft-Feynman gauges. 
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The U(l) Higgs theory contains minimal field content: the physical Abelian gauge field 
(with mass M), the Higgs field H (with mass run), as well as the unphysical Goldstone 
boson field and the Faddeev- Popov ghost fields c, c (with mass poles at £kM). Because 
the symmetry group is Abelian, A 2 and A 3 do not occur and the modification factor is 
given by 

C mod = (^) 2 Z M [1 + A X (M 2 )] , (4.4) 



with 



Ai(A: 2 ) = / < 0\H(-k - q)c{q)\c{k) > (4.5) 



j- ^ D and D = 4 — 2e . A 1 vanishes identically in Landau gauge 

( £ = ), because in the U(l) theory the ghosts couple only to the Higgs boson and that 
coupling is proportional to £ . In Scheme-IV , the wavefunction renormalization constant 
of the Goldstone boson field is defined to be 

Z 2 M M 2 -fl AA0 (M 2 ) , . 

Zs = Z A ^- „ AA ' 0K '- . 4.6 

A M 2 -n^, (M 2 ) 

Substituting (4.6) into (4.5), we obtain the following one-loop expression for C mo d 

CUd = 1 + \m~ 2 [fU4, (M 2 ) - rWM 2 )] + A X (M 2 ) . (4.7) 

We shall now explicitly verify that C mo d is equal to unity in both Landau and 't Hooft- 
Feynman gauges. 

In Landau gauge: 



32 



rW^ =0 = tg 2 {-h(m 2 H ) - AM 2 I 2 (k 2 ; M 2 , m 2 H ) + k 2 I 2 (k 2 ; 0, m 2 H ) 

+Ak 2 I 3 (k 2 ; 0, m 2 H ) + 4 (J 4 i(A; 2 ; M 2 , m 2 ,) + k 2 h 2 (k 2 ; a 2 , b 2 ))} , 
^,o(k%= = i9 2 {-^(m%) + ^Hk 2 ;0,m 2 H ) - 4k 2 I 2 (k 2 ; M 2 ,m 2 H ) 

+4-^ [hi(k 2 ; M 2 , m 2 H ) — h\(k 2 ; 0, m 2 ^) j 



M 2 

4 
"M 2 



+ 4 lf (/ 42 (A: 2 ;M 2 ,m|) -/^(A; 2 ^^ 2 ^); 



Ai(fc 2 ) =0 , 



(4.8) 



where the quantities ij's denote the one-loop integrals: 

7 (27r) 4 2e p z — a Jpp^ — a 

I 2 (k 2 ;a 2 ,b 2 ) = f I 





-a)[(p+ A;) 2 


-b] 








(p2 


-a)[(p+ A;) 2 


-b] 








(p 2 


-a)[(p + k) 2 


-b] 



ir(k;a 2 ,b 2 ) = ^ J p {p2 _ ™ + — = (TAiCfc 2 ; a 2 , & 2 ) + fcVI 42 (fe 2 ; a 2 , fe 2 ) , 

(4.9) 

which are evaluated in Appendix-C. Substituting (4.9) into the right hand side of (4.7), we 
obtain 

Cmod = 1 + 0(2 loop) , ( in Landau gauge ) , (4.10) 

as expected. 
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We next consider the 't Hooft-Feynman gauge in which Ai(M 2 ) is non- vanishing: 



TlAA,o(k 2 ] 



{-h(m 2 H ) - h{M 2 ) + (k 2 - AM 2 )I 2 + Ak 2 h + 4(/ 4 i + k 2 I A2 )} 



m 



[h(M 2 ) - h(m 2 H )} 



m 



M 2 



H M 2 — Ak 2 I 2 - Ak 2 I 3 



ig 2 I 2 (M 2 -M 2 } m 2 H ) , 



(4.11) 

where Ij = Ij(k 2 \M 2 ,m 2 H ) for j > 2 . Again, we substitute (4.11) into equation (4.7) 
and find that 



C mod = 1 + 0(2 loop) 



in 't Hooft — Feynman gauge ) . 



(4.12) 



5. Conclusions 



In this paper, we have constructed a convenient new renormalization scheme, called 
Scheme-IV, which rigorously reduces all radiative modification factors to the equivalence 
theorem ( C^ od 's) to unity in all i?^-gauges including both 't Hooft-Feynman and Lan- 
dau gauges. This new Scheme-IV proves particularly convenient for Landau gauge which 
cannot be included in the previously described Scheme-II 0|| . Our formulation is explic- 
itly constructed for both the SU(2)l and SU(2)l ® U(l)y theories [cf. sections 2 and 3]. 
Furthermore, we have generalized our formulation to the important effective Lagrangian 
formalisms for both the non-linear [D| and linear JO! realizations of the electroweak sym- 
metry breaking (EWSB) sector, where the new physics (due to either strongly or weakly 
coupled EWSB mechanisms) has been parameterized by effective operators (cf. section 3.2 
and Appendix-A). In the construction of the Scheme-IV (cf. section 2.2), we first re- 
express the C^ od -factors in terms of proper self-energies of the unphysical sector by means 
of the .R^-gauge WT identities. Then, we simplify the C^ od -factors to unity by specifying 
the subtraction condition for the Goldstone boson wavefunction renormalization constant 
Z^a [cf. (2.28) and (2.41-42)]. This choice for Z^a is determined by the known gauge and 
Goldstone boson self-energies (plus the gauge boson wavefunction and mass renormaliza- 
tion constants) which must be computed in any practical renormalization scheme. We 
emphasize that the implementation of the Scheme-IV requires no additional calculation 
(of A"-quantities, for instance) beyond what is required for the standard radiative correc- 
tion computations Based upon this radiative modification-free formulation for the 
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equivalence theorem [cf. (3.4)], we have further proposed a new prescription, which we call 
the " Divided Equivalence Theorem " (DET) [cf. (3.14)-(3.15) and discussions followed], 
for minimizing the approximation due to ignoring the additive 5-term in the equivalence 
theorem (3.4) or (1.1). Finally, we have explicitly verified that, in Scheme-IV, the C^ od - 
factor is reduced to unity in the heavy Higgs limit of the standard model (cf. section 4.1) 
and for arbitrary Higgs mass in the U(l) Higgs theory (cf. section 4.2). 
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Appendix A. Next-to-leading Order Effective Operators in the EWCL 

Within the EWCL formalism, the next-to-leading order effective operators arising from 
new physics can be parameterized as |T3|J^] 

C' cS = C' GB + C' F (Al) 



35 



The bosonic part £' GB is given by 



11 



^gb — + £n 



n=l 



£(2)/ 


= M 


I f £ [Tr(TV,)] 2 , 




= *i( 


I ) 2 a£ B^TrfTW^) , 


£2 


= h( 


f) 2 f^Tr(T[V^,VD , 


c 3 


= ls( 


I) 2 igTriW^iV^V)) , 


U 


= h( 


f) 2 [Tr(V,V,)] 2 , 


c 5 


= 4( 


f) 2 [Tr(V,V^)] 2 , 


c 6 


= 4( 


f) 2 [Tr(V^)]Tr(TV^)Tr(TV'0 


£7 


= M 


^) 2 [Tr(V / ^)]Tr(TV^)Tr(TV i ') 


Cs 


= m 


If ^Tr(TW^)] 2 , 


A 


= 4>( 


f) 2 fTr(TW^)Tr(T[V^,Vl) , 


£10 


= ho 


(^) 2 i[Tr(TV^)Tr(TV^)] 2 , 


£11 


= hi 


(*)2 ^ e M^ATr(rV M )Tr(V,W pA ) 


£12 


= h2 


(|) 2 2^Tr(TV M )Tr(V,W^) , 


c l3 


= hs 






= £u 


(|)2 ^ e ^PA Tr(TW ^ )Tr(rw ^ 



(A2) 



with 

V M = (D^rf , T = Ur 3 tf , (A3) 

where T is the custodial SU(2)c- violating operator. In (A2), £^ 2 ^' and £1 ~ £n are 
CP-conserving while £12 ~ £14 are CP- violating. Many of these effective operators can 
be probed at the LHC and LC via longitudinal gauge boson scattering processes P, p5|,p6 |. 
For the fermionic part £ F , we refer the reader to the reference [27] for details. 
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Appendix B. Non-linear BRST Transformations of Goldstone Boson Fields and 
the Faddeev-Popov Term in the EWCL 



In this Appendix, we first summarize the derivation for the non-linear SU (2)l <8> U(l)y 
BRST transformations of the Goldstone boson fields [cf. (3.8)] and then give the complete 
Landau gauge Faddeev-Popov term. 

For simplicity of notation, we need only derive the usual SU(2) l®U(1)y gauge transfor- 
mations for the 7i a 's, since their BRST transformations are obtained by simply replacing 
the usual gauge parameters (9 a (x)) by the corresponding ghost fields c a (x) . Consider the 
infinitesimal SU(2) L ® U(l)y gauge transformation for the [/-matrix [cf. (3.7)]: 



u u' = g L (e L )ug Y (6 Y ) = u + 5u 



with 



= U+ l j9lT a U- l j-0yUr 3 + 0(9\, 2 Y ) 



exp[tg9 a L (x)r a /2] = l+ig9 a L r a /2+ 0(9 2 L ) e SU(2) L , 



(Bl) 



Q Y = exp [ig9 Y (x)T 3 /2] = l + ig'9 Y r 3 /2 + 0(9 Y ) G U(1) Y . 
Expanding the [/-matrix in (Bl), we obtain 



(B2) 



SU 



9 



■ COS 7T 



9\ (i - ujtls) + (9\ - %9\) (-tlx ~ *2L 2 V 9\ (-tlx + ^2) w + fa - i9 2 L ) (i + ujjl,) 
9\ (lLx +iK 2 )u+ {p\ + i9\)(i - utl 3 ) 9 3 L (-i- utl 3 ) + (pi + i9 2 L ) (-tlx + *2E 2 ) 



9 

+ 77 COS 7T 



(—i + ujtl 3 )9 y Uj(— TLi + ilL2)9y 
<jj(lLx + iTL2)9y (i + UJTLs)9y 

where u = and all notations (including ( ) are defined in (3.9). 



(B3) 
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By differential variation of U with respect to the 7r a -field, we obtain 



su = 



where 



sin 7T 



7T 



V (i]Li — 2L2) K • + (^2Li — ^tt 2 ) — n- 5n — i (r]7i 3 % ■ Sn + #7r 3 ) 



7T 



± 



( 7Fl If m 2 ) , 7T Z = 7T 3 . 



(54) 
(55) 



Equating the two expressions for 5U in (53) and (-B4), we derive the BRST transfor- 
mations for ir^ and tt z given in (3.8). The BRST transformations for the gauge fields 
[cf. (3.8)] are the same as in the SM. 

After setting up the BRST transformations (3.8), we can straightforwardly write down 
the complete i?^-gauge Faddeev-Popov term for the EWCL from (3.10). Since Scheme- 
IV is particularly useful for Landau gauge, we give only the Landau gauge Faddeev-Popov 
term. From (3.10) and (3.8), we obtain, in Landau gauge, 

C FP = -c + d 2 c + + c + id» [e {w+c A - A^c + ) + gc w (w+c z - Z„c + ) 

-c-d 2 c- - c-id^ [e {w~c A - A^c) + gc w (w~c z - Z^c') 

-c z d 2 c z + igc w c z d^ 



(B6) 



W~c + - W+c 



-c A d 2 c A + iec A d fl 



Finally, we remark that, although the Faddeev-Popov term in 't Hooft-Feynman gauge is 
much more complicated than in Landau gauge, it is still useful due to the simplicity of the 
gauge boson propagators. The main advantage of the new Scheme-IV is its applicability 
to all i?£-gauges including both Landau and 't Hooft-Feynman gauges. 



Appendix C. Analytic Expressions for the One-Loop Integrals 

Finally, we give the complete analytic expressions for the one-loop integrals (/« 's) used 
in section 4.2 [cf. (4.9)] for explicit calculations. For simplicity of notation, we define 

j = - - 7 + ln(4V) . (CI) 
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Then, we have 



/ 2 „(fc 2 ;a 2 ,f> 2 ) 



16tt 2 



- In a 2 + 1 



I 2 (k 2 ;a 2 ,b 2 ) = \i 



2c 



16tt 2 



v (p 2 - a)[(p + k) 2 - b] 



I - \n(ab) + 2 + ^— - In - - I 20 (k 2 ; a 2 , b 2 ) 

6 rv (X 



2 v /z ab flT 



+ 



k 2 
yfAB 



arctan 



-A 



k 2 



\ \fB + sfA 

m — = = — nx 

Vb-Va 



(k 2 <(a-b) 2 ) , 



( (a - b) 2 <k 2 < (a + 



A; 2 > (a + 6) 2 



where A = k 2 - (a + 6) 2 and B = k 2 - (a - bf 



p' 1 



2 - a)[(p + k) 2 - b] 



= k»h(k 2 ;a 2 ,b 2 ) , 



h(k 2 ;a 2 ,b 2 ) 
ho(k 2 ; a 2 , b 2 ) 



2 r 



i a 



Ina 2 - 2 + 



^-/ 30 (A; 2 ;a 2 ,^ 



b 2 - a 2 1 



k 2 + 2 



1 + 



26 2 



,2 _ u2\2 



b 2 f 



k 2 k 4 



In 



a 2 -b 2 ' 
k 2 



+ 



1 + 



hoik 2 ; a 2 , b 2 ' 
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ir(k;a\b 2 ) = ^ I {p 2 _ a) ^ p P l k) 2 _ b] = 9" u hi(k 2 ;a 2 ,b 2 ) + k^h 2 (k 2 ;a 2 ,b 2 ) , 



hi(k 2 ;a 2 ,b 2 ) 
<k 2 



i 1 



16tt 2 4 

,4 _ uA ( n 2 _ u2\3 



+ 1 ) I a 2 + b 2 - ^] - ^k 2 + ^(a 2 + b 2 ) - {a \, f ] \ 2 



1 1 

7+2 



3 / IS 6 

k 2 " 



3k 2 



. 2 l2 , a 4 -o 4 (a 2 -o 2 ) 3 \ 6 / 2 l2 F\ 2 AS- , , 



/4 2 (A; 2 ;o 2 ,6 2 ) 



i 1 



16tt 2 3 



1 13 a 2 - 5o 2 (a 2 - b 2 ) 2 ( b 2 [a 2 - b 2 ) 

l + Y + ^k 2 ~ + ¥ 1 + 3 p +3 fcS 



(a 2 -o 2 ) 3 \ , 6 , 2 / a 2 -2o 2 (a 2 -o 2 ) 2 \ - 
^ — -- In - - lna 2 - 1 + + ^ — -- I 20 



k 6 



k 2 



k A 



(k 2 ;a 2 ,b 2 ) 



(C5) 
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